
A study of the neutralino system at the

International Linear Collider

P Bechtle1, N D’Ascenzo1, E Garutti1

1DESY, Notkestr. 85, D-22607 Hamburg, Germany

Abstract. This paper presents the study of the neutralino system in the SPS1a
′

SUSY scenario. The process e+e− → µ̃Lµ̃L → µχ0
1µχ0

1 is proposed for the analysis

of the χ0
1. From the kinematic edges of the energy distribution of the muons in the

final state the mass of the χ0
1 (97.71 GeV) can be estimated with a relative statistical

uncertainty of 1.09%. The mass of the µ̃L (189.87 GeV) can be estimated with a

relative statistical uncertainty of 0.21%. The cross section of this process (54.32 fb)

can be estimated with a relative statistical uncertainty of 2.47% at 68% C.L.

The χ0
2 is investigated in the process e+e− → χ0

2χ
0
1 → µ̃Rµ → χ0

1µµχ0
1. The mass of

the χ0
2 (183.89 GeV) is estimated with a relative statistical uncertainty of 0.70% from

the detection of the kinematic edge of the di-muon invariant mass. The cross section

of the process (4.2 fb) can be determined within the confidence band (3.75, 5.57) fb,

at 95% C.L.

In the framework of the detector optimization for the International Linear Collider,

the performance of the tracking system and of the muon identification are the key-

points of this analysis.

Introduction

One of the key-features of the International Linear Collider is the possibility of

precise measurements of the physic phenomena beyond the Standard Model at the

electroweak scale. The clean environment offered by this lepton machine and the exact

knowledge of the initial state of the interaction reduce the systematic uncertainties of

the measurement.

The study presented in this paper focuses on the precision measurement of the

neutralino sector at the Linear Collider using the di-muon channels. One of the cleanest

final states at ILC consists of muons. The muon detection efficiency of the detector

system at ILC is expected to be very high and momentum of the muons is measured

with a relative accuracy δp/p of about 10−5.

The investigation of the neutralino sector is a central topic in Supersymmetry. It is

shown that while at loop level the precision measurement of the neutralino sector allows

improving the precise determination of the MSSM Lagrangian parameters, at a tree level

the neutralino mixing matrix is related to the SUSY fundamental parameters [1, 2].

Moreover, it was evidenced that the χ0
i sector has a relevant role in CP and lepton

flavour violating scenarios [3, 4].
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The precise measurement of the parameters of SUSY is one of the priorities of

the ILC physics program. The ATLAS [5] and CMS [6] experiments at LHC will

have a high potential of establishing the experimental evidence of SUSY [7]. The

International Linear Collider will allow constraining with more precision the observations

at LHC and measuring with accuracy the basic properties of the SUSY particles [8].

Although the determination of the mass spectrum of SUSY will be accessible at the

future Colliders, the measurement of the parameters of the SUSY Lagrangian is more

challenging. According to the actual theoretical understanding, the SUSY Lagrangian

contains more than 100 new parameters which are related to each other through the

Supersymmetry Breaking mechanism (SSB) [9, 10]. The precise measurement of the

Lagrangian parameters implies hence a deep insight into the unknown SSB process. In

this respect the interplay between LHC and ILC will be crucial. Several studies were

performed in order to test the possibility of this measurement at ILC and LHC. Under

the assumption of no CP violation, no Lepton Flavour violation and of the universality

of first and second generation coupling, it is shown that the number of free parameters

of the Lagrangian is reduced to 19. In this case it was also shown that the SUSY

observables at LHC and ILC over constrain the system and allow fitting the SUSY

scenario [11]. The information of the neutralino system, namely the mass and the

cross sections of the neutralino pair production (σχ0
i
χ0

j
), are used as input variables to

determine the SUSY Lagrangian parameters in a general fitting approach [12]. It is

hence of crucial importance to measure with precision as more observables as possible

for a precise constraining of the SUSY parameter space. This would allow to choose a

specific realization of theory against other ones.

The neutralino sector is extensively studied in the physics case of ILC and

LHC [13, 8]. At LHC the kinematics of the two body decays in the chain q̃L → qχ0
2 →

ql±2 l̃∓R → ql±2 l∓1 χ0
1 allows to express the masses of the χ0

1, χ0
2, q̃L and l̃R as a full solved

system [6]. The masses of the particles are determined with a precision of 4− 5%. The

ẽ+
L,Rẽ−L,R and µ̃+

L,Rµ̃−
L,R pair production are the most sensitive channels to the χ0

1 mass

measurement at ILC. The combination of all the channels would allow a precision of

few parts per mille. The continuum production of neutralino χ0
2 has been studied in the

reaction e+e− → χ0
1χ

0
2 followed by the dominant decay mode χ0

2 → ττχ0
1 [14]. The shape

of the mττ invariant mass distribution is sensitive to the χ0
2 mass within δm ∼ 2 GeV.

The threshold scan of e+
Re−L → χ0

2χ
0
2 → 4τ + 2χ0

1 is more promising, due to the very low

background. Assuming a total luminosity of 100 fb−1 a precision of 1.2 GeV can be

achieved [13].

In this paper it is proposed the precision measurement of the mass of the χ0
1 and

of the χ0
2 in the di-muon channel with a full detector simulation at ILC for a center of

mass energy of 500 Gev ‡. As the kinematic plays an essential role in the analysis of the

SUSY decay chains, the first part of the paper describes extensively the used kinematic

variables. The analysis is divided in two parts. The first one reports the study of the

‡ The nominal beam parameters used in the simulation are extensively discussed in section 6.6.2
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Process B.R.

µ̃L → µχ0
1 92.5%

µ̃L → µχ0
2 2.5%

µ̃±
L → χ±

1 νµ 4.8%

Process B.R.

χ0
2 → τ τ̃ 57%

χ0
2 → ẽRe 2.5%

χ0
2 → µ̃Rµ 2.5%

χ0
2 → ν̃ν 38%

Table 1. Branching ratios of the most frequent decays of the µ̃L (left) and of the χ0
2

(right).

e+e− → µ̃Lµ̃L → χ0
1µχ0

1µ, which is used to perform the estimation of the mass of the

χ0
1. As a complementary result, also the mass of the µ̃L and the cross section times

branching ratio squared of the µ̃Lµ̃L pair production with the decay µ̃L → µχ0
1 are

obtained. The second part describes the measurement of the χ0
2 mass in the χ0

1χ
0
2 pair

production, analysing the decay chain χ2 → µ̃Rµ → µµχ0
1.

1. The Signal Processes

The properties of the χ0
1 and of the χ0

2 are studied with the usual kinematic edges

techniques [10, 15, 16], which are described extensively in the next sections.

In this study two channels are proposed for the precision measurement of the

properties of the χ0
1 and of the χ0

2. The χ0
1 can be measured in the process e+e− → µ̃+

L µ̃−
L .

The µ̃L pairs are produced in the s-channel, through a Z0 boson or a γ (Fig. 1a). The

main decay sof the µ̃L are reported in table 1. The precision measurement of the mass of

the χ0
1 is performed in the µ̃L → µχ0

1 channel. The analysis of the χ0
2 is performed in the

e−e+ → χ0
1χ

0
2 process. At Linear Colliders the neutralino pairs can be produced both in

the s-channel (Fig. 1b) and in the t-channel (Fig. 1c-d). The main decay modes of the

χ0
2 are reported in table 1. In this study the measurement of the χ0

2 mass in the µµ̃R

decay channel is proposed. Although the branching ratio is very small in comparison

with the other decay processes, the precision of the identification and measurement of

the muons in the final state would allow an identification of the events at the kinematic

limit of the di-muon invariant mass distribution.

The two processes are described by a similar kinematic. This justifies their

treatment with the same analysis tools. The signal-like event are featured by two muons

with a consistent missing energy transferred to the χ0
1, which escapes the detector being

the LSP in the considered SPS1a
′

scenario.

2. Simulation Tools

The generation of the SUSY SPS1a
′

spectrum is performed using SPHENO [17]. This

program calculates the supersymmetric particle spectrum within one of the following

SUSY models: minimal supergravity, gauge mediated supersymmetry breaking,

anomaly mediated supersymmetry breaking or string effective field theories. The
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Figure 1. Feynman diagrams of the signal processes. The µ̃L pairs are produced only

through the s-channel (a). The process e+e− → χ0
1χ

0
2 is mediated by a Z0 bosons (b)

or by a ẽL,R (c,d).

Particle Mass [GeV] Particle Mass [GeV]

h0 116.0 µ̃L 189.9

H0 425.0 µ̃R 125.3

A0 424.9 τ̃1 107.9

H+ 432.7 τ̃2 194.9

χ0
1 97.7 ν̃µ 172.5

χ0
2 183.9 ν̃τ 170.5

χ0
3 400.5 ũL 564.7

χ0
4 413.9 ũR 547.2

χ+
1 183.7 d̃L 570.1

χ+
2 415.4 d̃R 546.9

ẽL 189.9 t̃1 366.5

ẽR 125.3 t̃2 585.5

ν̃e 172.5 b̃1 506.3

g̃ 607.1 b̃2 545.7

Table 2. Mass spectrum of the SPS1a
′

SUSY scenario [18].

program solves the renormalization group equations numerically to two-loop order. The

obtained masses and mixing matrices are used to calculate decay widths and branching

ratios of Supersymmetric particles as well as of Higgs bosons, b → sγ, ∆ρ and (g − 2)µ.

The program includes also the polarization of the beams for the calculation of the cross

section production of SUSY particles. The mass spectrum of the SPS1a
′

point is shown

in table 2.
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The calculation of the final branching ratios and the generation of the events are

performed with WHIZARD [19, 20, 21]. The beamstrahlung spectrum calculated with

GUINEA PIG [22] and the Initial (ISR) and Final Radiation (FSR) are included in the

event generation.

The full detector simulation is performed in GEANT4 [23]. The geometry of

the detector is designed within MOKKA [24]. This program is an interface between

the detector parameters stored in a database and GEANT4. In this study the

detector model ILD00 is used. The reconstruction of the events and the analysis

is performed in the MARLIN [25] framework. The packages MARLINReco [26] and

PANDORAPFA [27, 28, 29, 30] are used respectively for the Tracking and the Particle

Flow in the ILD detectors.

3. Pre-selection of Di-muon Events

The first step of the analysis is the pre-selection of highly energetic di-muons events with

two isolated muon tracks and photons. The photons are allowed as the result either of

the Initial State Radiation or of the Final State Radiation processes. The typical events

are shown in Fig. 2

The muons are identified as charged mip-like particles which leaves a clear track

in the TPC and in the calorimeters and deposits energy in the Muon System. As

the muon system is positioned outside the magnetic coil, the muon is the only particle

which can traverse the full detector and the magnetic coil depositing energy only through

ionization.

The hits in the muon chambers are grouped in tracks. All the hits with a separation

of 2.8◦ in θ and 3.4◦ in φ are associated to the same track. A track in the muon chamber

is identified as possible muon if it has more than 7 aligned hits. The direction of each

track segment in the muon system is calculated in the (θ, φ) plane. Two isolated tracks

have to be found.

The muon candidate event presents 2 isolated tracks in the tracker connected to two

isolated mip-like clusters in the calorimeters. A cluster with total energy ec [GeV] and

total number of hits nc is defined mip-like if 0.5 < ec/nc < 1.5. More isolated photon

clusters can be also found in the ECAL. The particle flow algorithm PANDORAPFA

identify particles with this topology as punch-thru π, and identify with high efficiency

the photon clusters. Tracks and clusters are defined isolated if no other clusters or tracks

are found within a cone of 1◦.

Therefore a particle is identified as muon if the cluster found in the hadronic

calorimeter matches with a track found in the muon system, within a angular distance

of 11◦ in θ and φ. This angular acceptance is optimized to the deflection of muons with

momentum higher than 20 GeV/c. It is observed that for lower momentum a more

precise extrapolation of the muon track from the hadronic calorimeter to the muon

chamber would be needed, but it is outside the scope of this analysis.

The total event selection efficiency is 95% for the two signal processes studied in
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Figure 2. Event display of two di-muon candidates after the pre-selection. In (a) the

final state of the χ0
1χ

0
2 pair production with the χ0

2 → µµ̃R decay is shown. In (b) the

final state of the µ̃Lµ̃L pair production with the decay µ̃L → µµ̃R is shown. In both

cases the final state consists of two muons and sizable missing pt and missing energy.

this analysis. The rejected events are featured by muons produced at very low θ. These

events are not detected in the TPC and presents only energy deposit in the calorimeters

and in the muon system — being hence identified as not charged particles.

4. Expected Statistics at ILC

4.1. Signal processes

The total expected statistics depends on the polarization of the beam. In table 3

and 4 it is shown the dependence of the cross section of the signal processes on realistic

combinations of the polarization of the beams at ILC. The t-channel production of the

χ0
1χ

0
2 pair makes the process sensitive to the polarization of the beams. The polarization

of the electron beam introduces a dominant contribution to the total cross section. A

left handed electron beam is preferred. Moreover, the combination with a right handed

positron beam enhances significantly the cross section.

The µ̃L are produced in diagonal pairs via s-channel Z boson and photon exchange.

As the intermediate particle is a vector, the cross section of the process in case of RR

and LL beam polarization is suppressed. The cross section of the µ̃L pair production in

case of RL and LR beams is expressed by [31]:

σ
[
e+

Re−L → µ̃+
L µ̃−

L

]
= 2πα2

3s
β3

[
1 + gLgL

s
s−M2

Z

]2

σ
[
e+

Le−R → µ̃+
L µ̃−

L

]
= 2πα2

3s
β3

[
1 + gLgR

s
s−M2

Z

]2
(1)

where gL and gR are the left-chiral and right-chiral Z boson couplings. Also in case of

the µ̃L pair production the LR polarization configuration is preferred to the RL one.
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Cross section at the polarization (e−,e+) [fb]

Process (-0.8,0.6) (-0.8,-0.6) (-0.8,0)

e+e− → χ0
1χ

0
2 → χ0

1µµ̃R → χ0
1χ

0
1µµ 4.2 1.1 2.4

e+e− → µ̃Lµ̃L → χ0
1χ

0
1µµ 54 18 43

Table 3. Impact of the polarization to the cross section times branching ratio squared

of the µ̃L pair production (µ̃L → µχ0
1) and to the cross section times branching ratio

of the χ0
1χ

0
2 production (χ2 → µ̃Rµ → µµχ0

1). Combinations of possible polarization

states at ILC, for a right-handed polarized electron beam. Beamstrahlung, initial

and final state radiation are included in the calculation of the cross sections. More

combinations of polarization are reported in table 4.

Cross section at the polarization (e−,e+) [fb]

Process (0,0) (+0.8,0.6) (+0.8,-0.6) (+0.8,0)

e+e− → χ0
1χ

0
2 → χ0

1µµ̃R → χ0
1χ

0
1µµ 1.59 0.55 0.4 0.48

e+e− → µ̃Lµ̃L → χ0
1χ

0
1µµ 27 10 15 13

Table 4. Impact of the polarization to the cross section times branching ratio squared

of the µ̃L pair production (µ̃L → µχ0
1) and to the cross section times branching ratio

of the χ0
1χ

0
2 production (χ2 → µ̃Rµ → µµχ0

1). Beamstrahlung, initial and final state

radiation are included in the calculation of the cross sections. Combinations of possible

polarization states at ILC, for a left-handed polarized electron beam.

In the following study two cases of the polarization (Pe− , Pe+) of the beamsare

considered: (-0.8,0.6) and (-0.8,0.3). For the beam polarization (-0.8,0.6), the cross

section of the process e+e− → χ0
1χ

0
2 → χ0

1µµ̃R → χ0
1χ

0
1µµ is 4.2 fb. Consequently

in the first four years of operation about 2000 signal events are expected for the

measurement of the mass of the χ0
2. At the same beam polarization the cross section

of the process e+e− → µ̃Rµ̃R → χ0
1χ

0
1µµ is 54.32 fb, resulting in about 27000 events

for the measurement of the χ0
1 in the first 4 years of operation of ILC. For the beam

polarization (-0.8,0.3) 1600 events (3.2 fb) are expected for the process e+e− → χ0
1χ

0
2 →

χ0
1µµ̃R → χ0

1χ
0
1µµ and 20000 events (40 fb) for the process e+e− → µ̃Rµ̃R → χ0

1χ
0
1µµ.

4.2. SUSY Background

There is a significant number of SUSY processes in SPS1a
′

which is featured by two

muons and high missing energy in the final state. The most serious SUSY background is

the production of µ̃Rµ̃R. The µ̃R undergoes only the decay µ̃R → µχ0
1 with a branching

ratio of 100%. The total cross section times branching ratio squared is 39 fb. It is one

order of magnitude above the χ0
1χ

0
2 → µ̃Rµχ1 process (4.2 fb) and of the same order of

magnitude of the µ̃L pair production (54.32 fb).

In the SPS1a
′

point there is a large variety of lower order contributions to the

background, featured by two muons, two χ0
1 and a pair of νe,µ,τ in the final state. These

processes involve also the production of τ ’s which decay according to τ → µνµντ . They

sum up to a total cross section of about 10 fb.
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The τ̃±
1,2τ̃

∓
1,2 pair production is a consistent source of this background, mainly

through the τ̃±
1,2 → τχ0

1 decay .

The µ̃L pair production contributes to this SUSY background through the less

frequent decay chains µ̃Lµ̃L → χ0
1µνµν̃µ, µ̃Lµ̃L → χ0

1µχ0
2µ and µ̃Lµ̃L → χ0

1µχ±
1 νµ.

The χ0
2χ

0
2 pair production is a background source only when one χ0

2 decays in

ν̃e,µνe,µ → νe,µνe,µχ
0
1 and the other χ0

2 decays in µ̃Rµ or τ̃1τ . Moreover, the χ0
1χ

0
2 pair

production is also a source of background when the χ0
2 decays in τ τ̃1.

The χ±
1 χ∓

1 pair production constitutes also a background source, mainly in the

decay chains χ±
1 χ∓

1 → µ±ν̃µµ
∓ν̃µ and χ±

1 χ∓
1 → τ±ν̃ττ

∓ν̃τ .

A total number of about 26000 (21000) background events — after the pre-selection

— are expected in the first 4 years of operation at ILC for a 80% (30%)positron beam

polarization. The full SUSY background considered in this analysis is reported in table 5.

4.3. SM Background

There are also several Standard Model processes which contribute to the background.

These processes are featured by the production of two µ or τ and νe, νµ, νtau. The τ

decays through τ± → µ±νµντ . The W+W− pair production contributes through the

semileptonic decays W± → µ±νµ and W± → τ±ντ .

An irreducible background consists of the production of ZZ and γZ, where one

particle decays into a µµ or ττ pair and the other undergoes an invisible decay into

νe,µ.τ , νe,µ,τ pairs.

The WW fusion diagram, into Z or γ is also an irreducible background. A pair of

νe is produced together with a γ or Z, which can decay into µµ or ττ pairs.

A characteristic source of SM background at this high beam energy is the radiative

return to the Z peak in the e+e− → µ±µ∓ and e+e− → τ±τ∓ processes. In this Initial

State Radiation process, a photon is radiated from the incident electron or positron, or

from both. The photon is high energetic and propagates along the beam pipe, escaping

from the detector without any further interaction, faking the missing energy signature.

The creation of µµ and ττ pairs from the e+e− → e+e−γγ → e+e−µµ background

in the beam interaction influences only the low transversal momentum region. The cross

section of this process is 229312 fb, resulting in about 110 million events in 4 years of

operation at 500 fb−1. It is shown that one of the scopes of the BeamCal § is to tag

this background detecting the two highly energetic electrons which moves undeflected

at very low polar angles in the forward region. It was possible to estimate the impact

of this background in a smaller sample. Only a negligible fraction of events passes is

accepted from the cuts used in this analysis. Hence, this backgrund source is considered

not significant in the energy region of the studied signal.

The total number of expected Standard Model background events after 4 years of

operation of the Linear Collider is 1100000 (900000) for a 60% (30%) positron beam

§ The BeamCal is a small calorimeter positioned in the very forward region.
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Final State Processes Ev. After pre-sel. Ev. After pre-sel.

(-0.8,0.3) (-0.8,0.6)

µµχ0
1χ

0
1 µ̃R

¯̃µR 16200 18000

µµνeνeχ
0
1χ

0
1 µ̃L

¯̃µL → χ0
1χ

0
2 400 800

χ0
2χ

0
2 → µ±µ̃∓νeν̃e,L

µµνµνµχ
0
1χ

0
1 µ̃L

¯̃µL → χ0
1µνmuν̃µ 2200 3000

χ0
2χ

0
2 → µ±µ̃∓

Rνµν̃µ

µ̃Lµ̃L → χ0
1µ

±χ∓
1 νµ

χ±
1 χ∓

1 → µν̃µµν̃µ

µµντντχ
0
1χ

0
1 µ̃L

¯̃µL → χ0
1χ

0
2 400 800

χ0
2χ

0
2 → µµ̃ντντ

µ±µ∓νµντνµντχ
0
1χ

0
1 τ̃1τ̃1 550 650

τ̃1τ̃1

µ±µ∓νµντνµντνµνµχ
0
1χ

0
1 τ̃1τ̃2 → χ0

1τχ0
2τ 130 250

τ̃2τ̃2 → χ0
1τχ0

2τ

χ0
2χ

0
2 → τ τ̃νµν̃µ

µ±µ∓νµντνµντντντχ
0
1χ

0
1 τ̃2τ̃2 → χ0

1τχ0
2τ 950 1300

τ2τ2 → χ0
1τχ±

1 ντ

τ2τ2 → χ0
1τχ±

1 ντ

τ1τ2 → τχ0
1τχ0

2

τ̃1τ̃2 → τχ0
1χ

±
1 ντ

χ0
2χ

0
2 → τ τ̃ντ ν̃τ

χ+
1 χ−

1 → τ ν̃ττ ν̃τ

χ+
1 χ−

1 → τ ν̃τ τ̃ ντ

µ±µ∓νµντνµντνeνeχ
0
1χ

0
1 τ̃2τ̃2 → χ0

1χ
0
1ττ 170 250

τ̃1τ̃2 → τχ0
1τχ0

2

χ0
2χ

0
2 → τ τ̃νeν̃e

µ±µ∓νµντνµντνµντχ
0
1χ

0
1 χ±

1 χ∓
1 → µν̃µτ ν̃τ 300 500

χ±
1 χ∓

1 → µν̃µντ τ̃ 300 500

µ̃Lµ̃L → χ0
1µχ±

1 νµ 10 30

Table 5. Table of the SUSY background. The background processes are classified

according to the final state. The signature of the signal is made of two muons

and missing energy associated to a pair of χ0
1 which leave undetected. The SUSY

background is composed of all the processes which have µs or τs, χ0
1s and νe,µ.τ s in the

final state. the µ̃R pair production. After 4 years of operation the ILC will provide

a total luminosity of 500 fb−1. The expected number of SUSY background events

is 26000 for a polarization configuration of (-0.8,0.6) and 21600 for a polarization

configuration of (-0.8,0.3).

.
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Final State Processes Ev. After pre-sel. Ev. After pre-sel.

(-0.8,0.3) (-0.8,0.6)

e+e− → µµ Z 800000 900000

γ

µµνµνµ W+W− 110000 140000

ZZ

µµνeνe ZZ 14500 20500

W fusion

γZ

µµνµντνµντ Z 24000 27000

γ

µµνµντνµντνeνe ZZ 400 550

W fusion

γZ

µµνµντνµντντντ W+W− 2000 2900

ZZ

µµντντνµνµνµνµ ZZ 40 50

µµντντ ZZ 2100 2800

Table 6. The contribution of the Standard Model to the background. The main SM

background source is the production of µµ pairs affected by radiative return to the Z

peak. A irreducible background process is the production of ZZ and γγ pairs, where

one of the two particles undergoes a di-muon or di-τ decay and the other a invisible

decay into a pair of νe,µ,τ s. The total number of SM background events in the first four

years of operation of ILC is 1100000 for a beam polarization configuration of (-0.8,0.6)

and 900000 for a beam polarization configuration of (-0.8,0.3).

polarization‖.

All the SM backgrounds are simulated according to the luminosity, except for the

e+e− → µµ background for which 400000 events out of 900000 were fully simulated and

reconstructed. This background is however not fundamental for the analysis as it is

reduced strongly with the cut applied, as it will be shown in the following sections.

5. Kinematic Variables used in the Analysis ¶

5.1. Energy of the two Muons

The 4-momentum of the two muons in the laboratory frame (Eµ,1,2,~pµ,1,2) is the only

direct observable which can be measured. All the other kinematic quantities are

calculated from them. The momentum of the muons in the final state is measured in

‖ This number does not include the e+e− → e+e−γγ background, for the reasons explained in the

text.
¶ Note: from this section all the figures refer to the beam configuration (-0.8,0.6) unstead a different

configuration is explicitely specified in the caption of the figure.
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Figure 3. Energy of the muons in the final state for the background (SM and SUSY)

and the signal processes. The distributions are weighted with the factors shown in the

legend.

the tracking system with an expected relative precision δp/p = 10−5. The distribution

of E =
√
|~pµ,1,2|2 − m2

µ is shown in Fig. 3 for the two signal processes considered in this

analysis, the SUSY background and the SM background.

5.1.1. e+e− → µ̃Lµ̃L → χ0
1χ

0
1µµ According to the kinematic law of the two body

decay, the energy of the muons in the final state in the laboratory frame is distributed

uniformly between a minimum and a maximum (E±
µ ) defined as:

E±
µ =

Es

2
·


1 ±

√√√√1 −
4m2

µ̃

E2
s


 ·

m2
µ̃L

− m2
χ0

1

2 · m2
µ̃L

(2)

The extremes of the distribution are E−
µ = 32.11 GeV and E+

µ = 151.68 GeV in

the SPS1a
′

scenario.

5.1.2. SUSY background In the SPS1a
′

SUSY scenario muons in the final state are

the result of a two body decay of a supersymmetric particle into a lighter SUSY particle

and a muon. The mass difference ∆m between the parent and daughter SUSY particles

in the decay chains affects the momentum distribution of the muon. At higher ∆m

more kinetic energy is available for the muon after the creation of the massive daughter

SUSY particle.

The µ̃R pair production background offers a significant example of this mechanism.

The mass of the µ̃L is 189 GeV and the mass of the µ̃R is 125 GeV in the SPS1a
′

scenario. Consequently the muons produced in the decay µ̃R → µχ0
1 are softer than
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Figure 4. Acollinearity of the two muons in the final state for the background

(SM+SUSY) and the signal processes. The distributions are weighted with the factors

shown in the legend.

the muons produced in the decay µ̃L → µχ0
1. The upper kinematic edge of the µR

background at about 90 GeV is visible in the distribution of the SUSY background in

Fig. 3.

In the SUSY background channels featured by the production of ντ,µ the energy

available for the SM particles is shared between muons and neutrinos, with the

consequent production of soft muons compared to the signal processes.

5.1.3. SM background The distribution of the momentum of the muons in the SM

background is featured by peaks associated to the two body decay of the Z and γ. In

the ZZ and γγ production at a centre of mass of 500 GeV, the two particles share

250 GeV on average, producing a pair of 125 GeV muons. The distribution of the

muons from the W±W∓ and W fusion background is continuous, with an upper value

of 250 GeV.

5.2. Acollinearity

The acollinearity θacol is defined as the supplement of the 3-d angle between the muons.

It is calculated from the momentum of the two muons in the final state:

θacol = π − acos

(
~pµ,1 · ~pµ,2

|~pµ,1| |~pµ,2|

)
(3)

The acollinearity of the signal and of the SM and SUSY background is shown in Fig. 4.
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5.2.1. Signal processes In first approximation the muons in the final state follow the

direction of their parent particles in the decay chain. Acollinear muons are expected from

the χ0
2χ

0
1 pair production. This process is asymmetric as the χ0

1 escapes undetected. On

the contrary the µ̃L pair production is a symmetric process. However the acollinearity

angle depends on the mass difference between the parent and daughter particles in the

decay chain. The mass of the µ̃L and of the χ0
1 is high in SPS1a

′

and these particles

are produced almost at rest at a Linear Collider with 500 GeV centre of mass. This

implies that the muons in the final state have no preferred direction. The smearing effect

introduced by this mechanism is visible in Fig. 4 where the acollinearity distribution of

the muon pairs produced in the χ1χ2 process is peaked around 1 but with a large tail

towards low values and the distribution of the muon pairs produced in the µ̃Lµ̃L process

is peaked around 0.3, extending also towards the high acollinearity region.

5.2.2. SUSY background The SUSY background is influenced significantly by the ∆m

between parents and daughter particles in the SUSY decay chains. The muons coming

from symmetric processes, as µ̃R pair production, are mainly collinear, with a large tail

towards high acollinearity. Moreover the acollinearity distribution of SUSY background

channels with τs is smeared by the presence of νµ,τ in the final state.

5.2.3. SM background The SM processes as ZZ,Z(γ) production are mainly

asymmetric when the γ or Z decays into two µ and the Z decays into a pair of νµ,e,τ .

In this case a pair of acollinear muons is produced, but the acollinearity angle and the

momentum of the two muons are fixed by the relativistic kinematics of the two body

decay of the Z:

θZ
acol = π − acos

(
2·Eµ,1·Eµ,2−m2

Z

2pµ,1·pµ,2

)
= 0.74π Z → µµ (4)

The peaks at θZ
acol is visible is the distribution of the acollinearity of the SM background

in Fig. 4.

The W±W∓ pair production and the Z0 → µµ are mainly featured by collinear

muons in the final state.

5.3. Acoplanarity and transverse momentum

The kinematics in the plane transverse to the beam axis is sensitive to the production

of massive invisible particles in the final state. This is observed with the acoplanarity

(θacop) and the total transverse momentum (|~pt|).

The acoplanarity is defined as the supplement of the angle between the muons in

the plane perpendicular to the beam. It is calculated from the momentum of the two

muons in the final state+:

θacop = π − acos

(
(~pµ,1,t · ~pµ,2,t)

|~pµ,1,t| |~pµ,2,t|

)
(5)

+ The index t refer to the x-y plane perpendicular to the beam direction.
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Figure 5. Acoplanarity of the muons in the final state for the signal processes and

the background (SM+SUSY). The distributions are rescaled with the factors defined

in the legend.

 [GeV]
t

p
0 50 100 150 200 250 300 350 400 450 500

)
-1

Y
ie

ld
 (

50
0 

fb

1

10

210

310

410

510  1)×Standard Model Background (

 10)×SUSY background(

 100)× (0

1
χµµ → µµ∼ → 0

2
χ 0

1
χ →-e+e

 10)× (0

1
χ µ 0

1
χ µ→

L

-
µ∼

+

L
µ∼ →-e+e
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The total transverse momentum is defined as the total momentum of the two muons in

the final state in the (x,y) plane transversal to the (z) beam axis:

|~pt| = |(pµ,1,t + pµ,2,t)| (6)

The distribution of θacop and of the pt is shown in Fig 5 and Fig. 6.

5.3.1. Signal processes The generation of a invisible χ0
1 in the χ0

1χ
0
2 signal process is

the source of a significant pt. The two muons in the final state are also acoplanar. As in

the case of the acollinearity the muons from the µ̃L pair production are expected to be

highly coplanar. However, the mass difference between parent and daughter particles

in the decay chains affects the acoplanarity of the muons in the final state, as in case of

the acollinearity.

This effect is evident in the two signal processes considered in this analysis. As the

µ̃L is heavy, the muons generated in the µ̃L → µχ0
1 can be as acoplanar as the muons

produced in the asymmetric χ0
1χ

0
2 process. The acoplanarity distributions of the two

signal processes are very similar, as it is shown in Fig. 5.

5.3.2. SUSY background The SUSY background channels are all consistent with

high transverse momentum, caused by the production of massive χ0
1s. Moreover the

acoplanarity distribution results always smeared, because of the relatively small ∆m

between parents and daughters SUSY particles in the decay chains.

5.3.3. SM background The Standard Model background is mainly featured by a pair

of coplanar muons with low pt. This signature identifies the γ → µµ and Z0 → µµ

background, when no return to the Z peak occurs. It also describes the W±W±

production.

In case of the τ decays, both in the SUSY and in the SM background, the muons

are always produced with νµ,τ , resulting in low pt.

5.4. The invariant mass of the di-muon system

The invariant observable which is often used to describe the decay chains is the invariant

mass squared of the di-muon system m2
µµ [32, 33]:

m2
µµ = (Eµ,1 + Eµ,2)

2 − (~pµ,1 + ~pµ,2)
2 (7)

The distribution of the invariant mass of the di-muon system is shown in Fig. 7.

5.4.1. e+e− → χ0
1χ

0
2 → χ0

1µµ̃R → χ0
1χ

0
1µµ The observable m2

µµ is Lorentz-invariant. It

can be calculated in the centre of mass frame and its value will be the same also in the

experiment frame. From the equation 7 and neglecting the mass of the muon, it follows

that:

m2
µµ = (Eµ,1 + Eµ,2)

2 − c (pµ,1 + pµ,2)
2

= Eµ,1 · Eµ,2 − |pµ, 1| |pµ, 2| cos (θ1,2)

(8)
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Figure 7. Invariant mass of the di-muon system in the final state for the background

(SM+SUSY) and for the signal processes. The distributions are rescaled with the

factors defined in the legend.

The distribution of m2
µ,µ is featured by a maximum. In the centre of mass frame of

the χ0
2 the two muons are acollinear and µ2 has the maximum possible energy. The

maximum value of µ2 is hence:

m2
µµ(max) = E∗

µ,1E
+∗
µ,2 + p∗µ,1p

∗
µ,2

= 4 · E∗
µ,1E

+∗
µ,2

= m2
χ0

2

(
1 −

m2

µ̃

m2

χ0
2

)
·


1 −

m2

χ̃0
1

m2

µ̃




(9)

The kinematic maximum of the distribution of the invariant mass of the di-muon system

generated from the χ0
2 decay is 83.9 GeV in the SPS1a

′

point.

5.4.2. SUSY background The SUSY background extends widely from the low mµµ

regions of the spectrum up to the very high regions. The background channels which

involve the production of a χ0
2 and missing energy are also featured by a maximum in

the same range than the χ0
1χ

0
2 process.

5.4.3. SM background The standard model background is mainly featured by three

well defined peaks. First the invariant mass of di-muons coming from γ peaks at 0.

Zγ, γγ background have this property. Second the invariant mass of di-muons from Z0

peaks at the Z pole (98 GeV). γZ0, Z0Z0, radiative return to the Z0 events are in this



The neutralino sector at ILC 17

class. Moreover, the e+e− → µµ process generates muons with the full centre of mass

energy (500 GeV).

W+W− pair production, W fusion and processes with τs and νs in the final state

are featured by a continuous distribution of the invariant mass.

5.5. the ~β of the centre of mass of the di-muon system.

The ~β of the centre of mass frame of the di-muon system is expressed by the following

equation:

~β◦ =
(~pµ,1 + ~pµ,2)

Eµ,1 + Eµ,2

(10)

It describes the Lorentz transformation from the laboratory frame to the centre of mass

of the di-muon system. The module and polar direction of ~β ( |~β| and θβ) are introduced

in this analysis as kinematic observables. The first is used for the description of the χ1
0χ

2
2

and the second is mainly used to characterize and reject the Standard Model background.

5.5.1. Signal processes The module of ~β is used to describe the kinematic of the χ1
0χ

2
2

process near the maximum of the invariant mass distribution. As it was shown in

equation 9 the two muons are collinear at the edge of the invariant mass distribution.

However the creation of a massive intermediate µ̃R in the decay chain causes a slight

asymmetry between the momentum of the two muons in the centre of mass system

of the χ0
2. The centre of mass frame of the di-muon system is the nearest frame to

this configuration, although the two muons have the same momentum. The kinematic

description of the centre of mass system of the di-muon system depends on the considered

SUSY scenario. In the LHC Point 3 (m0 = 200 GeV, m1/2 = 100 GeV and tanβ = 2)

the χ0
2 undergoes more likely a three body decay via a virtual Z0 decaying off-shell. In

this case the system of the centre of mass of the di-muons corresponds to the centre

of mass of the χ0
2. This kinematic property is used in the χ0

2 analysis at LHC for the

complete reconstruction of the kinematics of the events [7, 34].

However, the speed of the centre of mass of the di-muon system is a good

discriminator between the χ0
1χ

0
2 signal process and the µ̃Lµ̃L pair production. In Fig. 8

it can be observed that |~β| is always higher than 0.5 in the first process, while the

second process allows kinematically also lower values. The acollinearity and acoplanarity

distributions showed that the final state of the µ̃Lµ̃L pair production and the χ0
1χ

0
2 pair

production are kinematically very similar. The |~β| is hence a very powerful variable to

enhance the kinematic discrimination between the two processes.

5.5.2. Backgrounds The polar direction of |~β| is the direction of the total momentum of

the di-muons in the laboratory frame rescaled to the total visible energy. In the Standard

Model background the di-muon system is mainly forward and backward-peaked while

the SUSY processes are localized more in the barrel. All the processes with strong ISR
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Figure 8. ~β of the Lorentz transformation to the centre of mass of the di-muon

system. In (a) the distribution of |~β| and in (b) the distribution of the polar angle of
~β are shown.
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Figure 9. Total missing energy for the signal processes and the background

(SM+SUSY). The distributions are rescaled according to the factors shown in the

legend.

and with radiative return to the Z are featured by a forward or backward peaked total

momentum.

5.6. Total Missing Energy

The missing energy is the typical signature of the SUSY processes, due to the production

of several χ0
1 in the final state. The signal processes are featured of a high missing energy,

due to the production of χ0
1s.

Also the SUSY background is featured by high missing energy, associate to χ0
1s and

νs.

The only contribution to the missing energy in the SM background consists of the

νe,µ,τ . The missing energy associated to this process is in general lower than in the

SUSY channels. However the missing energy signature is often faked by the radiative

return to the Z peak. In this case an energetic photon is produced and propagates along

the beam line escaping undetected. The typical energy transferred to this photon is of

200-250 GeV for a Linear Collider with a centre of mass energy of 500 GeV.

6. Methods and Results of the Analysis of the χ0
1

6.1. Selection cuts

The combination of cuts used to select the µ̃L pair candidates is optimized in order to

not bias the position and the shape of the low and high edges of the energy distribution
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Figure 10. Distribution of the final signal after each cut is applied in sequence: cut

i (a), cut i+ii (b), cut i+ii+iii (c). The application of all the cuts (i+ii+iii+iv) is

reported in Fig. 11.

of the muons in the final state. As the physics at the kinematic limit depends strongly

on the acollinearity and on the acoplanarity, the angular variables are not used for the

selection. The applied cuts are:

(i) 200 < Emiss < 430 GeV. This cut selects the missing energy region of the signal

(Fig. 9).

(ii) The events with 80 < mµ,µ < 100 GeV are rejected, in order to exclude the

contribution of the di-muon generated from a Z0 boson (Fig. 7).

(iii) mµ,µ > 30 GeV, in order to reject the muon pairs originated from a γ.

(iv) 0.1π < θβ < 0.9π in order to reject the forward and backward-peaked SM

background (Fig. 8b).

The result of the consecutive application of the cuts is shown in Fig. 10. Just for

illustration purpose, two cases are studied. In the first all the events are included, with

the full beamstrahlung effect. It is the realistic reference case. In the second only the

events with a total energy of the centre of mass ranging between 499 GeV and 500 GeV

are considered, in order to study the effect of the beamstrahlung on the result.

For a beam polarization of (-0.8,0.6) in the realistic case the selected events for

signal ns and background nb are ns = 16300 and nb = 18000. In the second case
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Final State With Full Beamstrahlung 499 < Es < 500

µµχ0
1χ

0
1 8250 5200

µµνeνeχ
0
1χ

0
1 40 20

µµνµνµχ10χ
0
1 450 300

µµντντχ
0
1χ

0
1 450 300

µ±µ∓νµντνµντχ
0
1χ

0
1 1200 800

µ±µ∓νµντνµντνµνµχ
0
1χ

0
1 10 10

µ±µ∓νµντνµντντντχ
0
1χ

0
1 20 10

µ±µ∓νµντνµντνeνeχ
0
1χ

0
1 100 70

µ±µ∓νµντνµντνµντχ
0
1χ

0
1 20 10

µµ 650 420

µµνµνµ 10000 5200

µµνeνe 1550 900

µµνµντνµντ 0 0

µµνµντνµντνeνe 90 50

µµνµντνµντντντ 10 5

µµντντνµνµνµνµ 700 400

µµντντ 250 150

Table 7. Background selected events in the µ̃L pair production process. The first

column refers to the realistic simulation with the full beamstrahlung included. The

second column refer to a sub-sample where only the events with the total centre of

mass energy ranging between 499 GeV and 500 GeV are used, in order to show the

effects of the Beamstrahlung.

.

ns = 10900 and nb = 10400. The contribution of each background channel is shown in

table 7. In case of a beam polarization (-0.8,0.3) in the realistic case the selected events

are ns = 15140 and nb = 15620.

6.2. The measurement of the mass of the χ0
1

6.2.1. Methods The measurement of the χ0
1 consists of the identification and

measurement of the upper and lower edge of the distribution of the energy of the muons

in the final state. From the equations, it follows that:

m2
µ̃L

= E2
s

E+
µ ·E−

µ

(E+
µ +E−

µ )
2

m2
χ0

1
= m2

µ̃L

(
1 −

2(E+
µ +E−

µ )
Es

) (11)

The distribution of the energy of the µ+ in the laboratory frame after the event

selection is shown in Fig. 11. The lower E−
µ and upper E+

µ edges of the distribution are
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Figure 11. Distribution of the momentum of the µ+ in the laboratory frame after

the selection of the m̃uLm̃uL pair candidates. The total observed signal and the

backgrounds (SUSY and SM) are reported. The mass of the χ0
1 is measured from the

kinematic edges of the distribution of the momentum of the di-muons.

visible. They are fitted with the function:

f(E|E+, A,B, S) = B + A

1+e
−

E−E+

S

f(E|E−, A,B, S) = B + A

1+e
E−E+

S

(12)

The parameters of the fit are:

(i) The constant background level (B±)

(ii) The position of the kinematic edge E±

(iii) The amplitude of the step function (A±)

(iv) The slope of the step function (S±)

The lower edge is fitted in the region (30 GeV, 45 GeV) and the upper edge in the region

(145 GeV, 156 GeV). The underlying background can be approximated with a constant

in these regions of the spectrum. The fit is shown in Fig. 12.

The statistical uncertainty of the edge position is assumed as the statistical

uncertainty of the parameter E±. Moreover, the systematic uncertainty of the

parameterization of the smearing of the fitted edge is quoted as one half of the FWHM

of the derivative of the fitted function in the edge region. The final uncertainty is hence

the squared sum of the two statistics and systematic uncertainties contributions.

The beamstrahlung and the initial and final state radiation are responsible of a

deterioration of the edge profile of the momentum distribution. The kinematic edge
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Figure 12. Fit to the lower and upper kinematic edge of the di-muon distribution.

The fitting function and the parameters are expressed in equation 12

extracted with the fit is hence affected by a small bias. The systematic error is estimated

changing the mass of the µ̃L. The positions of the kinematic edges of the energy

distribution of the muons are measured and are compared with their expected value

according to equation 2. The study of the systematic bias on the determination of the

lower edge is performed setting the mass of the µ̃L to 189.86 GeV (nominal), 190.86 GeV,

191.86 GeV and 192.86 GeV; the study of the systematic bias on the determination

of the higher kinematic edge is performed setting the mass of the µ̃L to 169.86 GeV

(nominal), 173.86 GeV, 179.86 GeV and 189.86 GeV. The correlation between fitted

and expected position of the edges is reported in Fig 13 for E− (a) and E+ (b). A

linear transformation to the result of the fit needs to be applied in order to correct the

systematic bias introduced by this method. The calibrated position of the upper edge

E+
c is defined as:

E+
c = (0.8379 ± 0.0002) · E+(GeV) + (25.36 ± 0.02) GeV (13)
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Figure 13. Linear correlation between the fitted and expected kinematic edge position

for E− (a) and E+ (b). A linear transformation can be applied for the determination

of the exact edges reducing the bias of the calculation.

and the calibrated position of the lower edge E−
c is defined as:

E−
c = (1.098 ± 0.010) · E−(GeV) − (3.59 ± 0.34) GeV (14)

These transformations are applied to the results of the fit presented in the following

discussion.

6.2.2. Results The result of the fit is shown in table 8.In case of the beam polarization

(-0.8,0.6) the mass of the χ0
1 is estimated as 97.55 ± 1.07 GeV and the mass of the µ̃L

as 189.87 ± 0.39 GeV. In case of the beam polarization (-0.8,0.3) the mass of the χ0
1

is estimated as 97.32 ± 1.37 GeV and the mass of the µ̃L as 189.81 ± 0.55 GeV. The

expected signal for the beam polarization (-0.8,0.3) is shown in Fig. 14. The values are

in agreement with the nominal values used in the Monte Carlo. Although the beam
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Parameter Fitted value

A+ 70.32 ± 6

E+ 150.95 ± 0.24

S+ 0.67 ± 0.19

B+ 33.45 ± 2.10

A− 71.07 ± 4.12

E− 32.55 ± 0.14

S− 0.22 ± 0.01

B− 69.27 ± 2.28

mχ0
1

(Th. 97.71 GeV) 97.55 ± 1.07 GeV

mµ̃L
(Th. 189.86 GeV) 189.87 ± 0.39 GeV

Table 8. Results of the fit of the distribution of the di-muon energy spectra. The

calibration of the fit method is applied for the determination of the mass of the χ0
1 and

of the µ̃L
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Figure 14. Determination of the χ0
1 mass: signal expectation for the beam

polarization (-0.8,0.3).

polarization has an effect on the total statistics available for the analysis, the difference

between 30% and 60% positron polarization does not contribute significantly to the final

result.

The precision of the determination of the centre of mass energy (∆Es) and the

precision of the measurement of the momentum of the two muons in the final state

(∆E±) are the main contribution to the uncertainty of the measurement of the mass of

the χ0
1 and of the µ̃L.

The beamstrahlung is by far the most significant contribution to the degradation

of the centre of mass energy. The expected spectrum of the centre of mass energy for a

e+e− Linear Collider designed for 500 GeV centre of mass energy is shown in Fig. 15.

The precision of the determination of the energy of the muons in the final state

is affected by the precision of the measurement of the momentum in the tracker and
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Figure 15. Spectrum of the centre of mass energy of a 500 GeV e+e− Linear Collider.

The beamstrahlung effect is calculated with GUINEA-PIG [22]. This spectrum is used

as reference in the analysis proposed in this paper.

by the photons radiated via Final State Radiation. The tracking system at ILC is able

to measure the momentum of charged particle with a relative precision δp/p ∼ 10−5.

Consequently the precision of the measurement of the photons in the 100 GeV range is

about 0.1%. However, the emission of a real photon through the final state radiation

mechanism affects more the muons with momentum higher than 100 GeV. Hence the

lower kinematic edge of the energy distribution is less affected than the upper kinematic

edge.

∆Es is by far the leading contribution to the uncertainty of the determination of

the mass of the χ0
1. It is expressed by the propagation of errors:

∆mχ0
1
(∆Es) =

=
(
2 · Es ·

(
E+

µ E−

µ

(E++E−)2

))
·
(
1 − 2 ·

(E++E−)
Es

+ 2 · Es ·
(

E+E−

(E++E−)2

))
∆Es

(15)

The variance ∆Es is calculated directly from the spectrum in Fig. 15, considering the

region with 99% of the total signal; the resulting ∆Es is calculated as:

∆Es ≈
δBS

6
(16)

where δBS is the average RMS beamsstrahlung energy loss [35] and the factor 6 is

empirically estimated in order to fulfill the 99% containment request. From equation 15

the expected relative statistical uncertainty depends on δBS as:

∆mχ0
1
/mχ0

1
≈ 0.078δBS (17)

The effect of the beamstrahlung to the precision of the determination of the mass of

the χ0
1 is shown in Fig. 16. The expected dependence in equation 15 is shown as a
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Figure 16. Effect of the beamstrahlung on the relative uncertainty of the measurement

of the mass of the χ0
1. The discontinuous line is the theoretical expectation calculated

with the propagation of errors. The black triangle is the result of the full simulation,

with the full bremstrahlung included. The white triangle is the result of the analysis

of the events with the total energy of the centre of mass ranging between 499 GeV and

500 GeV. The empty dots correspond to the other possible beam options at ILC.

not-continuous line. The result of the analysis presented in this study, with the nominal

beamstrahlung effect (∆Es ≈ 2 GeV), is shown as a black triangle; it agrees with the

expectation. As illustration the same analysis is performed using the sub-sample with

total energy of the centre of mass between 499 GeV and 500 GeV (∆Es ≈ 1 GeV,

white triangle). The expected resolution in the Low N, Low P, Large Y options is also

shown∗. As expected, while the LowN and highY configurations provide a results very

close to the nominal one, the large beamstrahlung in the lowP configuration deteriorates

significantly the resolution of the measurement of the mass of the χ0
1.

6.3. Estimation of σ(e+e− → µ̃Lµ̃L) × (BR(µ̃L → µχ0
1))

2

6.3.1. Method After the determination of the kinematic edges of the distribution and

after the measurement of the mass of the χ0
1 and of the µ̃L the analysis of the area

underling the kinematic allowed region between E+ and E− is analysed.

The discrimination between the signal candidate ad the total SM and SUSY

background is performed by considering the likelihood that an event is consistent with

being either signal or background. A set of N parameters (x1 . . . xN) which represent a

good description of the event is found. The probability distribution of each parameter

∗ The Low N, Low P, Large Y options are possible beam configurations which guarantee the goal peak

luminosity of 2 × 1034 cm−2cm−1 [35].
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differs for the signal (PS (xi)) and the background (PB (xi)). The likelihood of an event

being consistent with the signal (LS) or the background (LB) is defined as:

LS =
∏N

i=1 PS (xi)

LB =
∏N

i=1 PB (xi)

(18)

The discriminating quantity is the relative likelihood LR:

LR =
LS

LS + LB

(19)

The quantity LR ranges from 0 to 1. Events with low LR are background-like and events

with high LR are signal-like.

The xi variables have to be a reasonable combination of the observables in the final

state. The likelihood variables xi used in this analysis are:

(i) The total transverse momentum of each muon;

(ii) The acollinearity of the event;

The cross section times branching ratio squared at 68 % confidence level, σs is

calculated using the extended maximum likelihood technique. The aim of this method

is to form a likelihood variable L (σs), based on the probability distribution of LS and

LB. L (σs) has to be sensitive to the presence in the data sample of signal events and

background events. The signal is modelled with LS and has to be consistent with the

cross section σs. The background is modelled with LB and has to be consistent with

the known cross section σB.

The expected number of observed events ν is the sum of the expected number of

background events (µB) and signal events:

ν = µB + Lωσs (20)

where L is the luminosity of the experiment.

The signal hypothesis and the background hypothesis are described by the

likelihood ratio function LR. The distribution of the likelihood ratio function for

the signal is expressed as S(LR) and the distribution of the likelihood ratio for the

background is expressed as B(LR). Both B(LR) and S(LR) are normalized to 1.

In the hypothesis of the events being either signal like (S) or background like (B)

in the expected proportion, the probability that a event is observed having LR is:

P (LR;B,S) =
µB · B(LR) + Lωσs · S(LR)

µB + Lωσs

(21)

Moreover, the probability of having N observations when ν are expected follows a

poissonian distribution:

P (N |ν) =
e−ννN

N !
(22)
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The extended likelihood technique consists of the combination of the poissonian

distribution of the number of observation and their likelihood ratio probability. The

extended likelihood which describes N observations, when ν are expected is:

L(σs) =
e−ννN

N !

N∏

i=1

(µB · B(LR) + Lωσs · B(LS)) (23)

The quantity which is always used is log(L) which is:

log(L(σs)) = −ν +
∑N

i=1 log (µB · B(LR) + Lωσs · B(LS))

= − (µB + Lωσs) +
∑N

i=1 log (µB · B(LR) + Lωσs · B(LS))

(24)

The estimated σs is the value at which the extended likelihood function has a maximum.

The 68% confidence belt around σs is calculated using a two tails hypothesis test.

The extremes of the confidence belt σs,min and σs,max are defined from the probability

distribution of the extended likelihood as:

0.16 =
∫ σs,min

−∞ L(σs)dσs

0.16 =
∫+∞
σs,max

L(σs)dσs

(25)

In practice, the 68% belt is defined as that value at which the Log(L(σs)) function

decrease of 0.5 from its maximum.

6.3.2. Results The likelihood function for the signal and the background is shown in

Fig. 17. The likelihood has a good separation power between signal and background.

The dependence of the extended likelihood on the estimated σ is shown in figure 18.

The cross section of the process can be determined as 54.50± 1.37 fb in agreement with

the input of the Monte Carlo.

The sensitivity of the measurement is very high. The total number of signal and

background events is respectively 16300 and 18000, leading to an evidence of the signal

largely above 5σ.

7. Methods and Results of the Analysis of the χ0
2

7.1. Event Selection

The following cuts are applied for the selection of the sample:

(i) 0.2 < θβ < 0.8. This cut rejects the forward and backward-peaked SM background

(ii) |β| > 0.6 (Fig. 8)

(iii) 355 < Emiss < 395 GeV for the selection of the high missing energy range (Fig. 9)

(iv) pt > 40 GeV/c for the selection of the high pt range (Fig. 6)

(v) mmiss
µµ > 100 and mmiss

µµ < 80. The invariant mass of the invisible system is requested

to be outside the Z peak, in order to reject the invisible decays of the Z.
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Figure 17. Likelihood distribution for the process e+e− → µ̃Lµ̃L → µµχ0
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(triangles) and the full background (dots). The event selection described in section 6.1

is first applied. The likelihood function is then build using the total transverse

momentum and the acollinearity of the muons in the final state.
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the process e+e− → µ̃Lµ̃L → µχ0
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Figure 19. Distribution of the final signal after each cut is applied in sequence: cut

iii (a), cut iii+i (b), cut iii+i+iv (c), cut iii+i+iv+v (d). It is evident that only with

cut ii a clear edge is observed, bringing to the distribution reported in the following

Fig. 21

The distribution of the final signal for every applied cut is shown in Fig. 19. Although

no cut is applied to the high kinematic edge of the mµµ distribution, the total number

of signal and background events is calculated in the significant range 40 GeV–85 GeV

where the signal is expected. In case of a beam polarization (-0.8,0.6) the total number

of signal events ns is 720, with a total number of background events nb of 2950. In case

of a beam polarization (-0.8,0.3) the total number of signal events ns is 470, with a total

number of background events nb of 2500. The relevance of each background channel

is reported in table 9. The channels which are not included in table 9 are suppressed

by the cuts. The invariant mass spectrum of the di-muons after selection is shown in

Fig. 20.
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Final State 40 < mµµ < 85 GeV

µµχ0
1χ

0
1 from µ̃L 1500

µµχ0
1χ

0
1 from µ̃R 400

µµνeνeχ
0
1χ

0
1 20

µµνµνµχ10χ
0
1 200

µµντντχ
0
1χ

0
1 250

µµνµνµ 280

µµνeνe 230

Table 9. Background of the analysis of the χ0
2 → µ̃Rµ after the selection cuts. In the

left column the full spectrum is considered. In the right column it is used only the

region of the invariant mass spectrum where the signal is present, before the kinematic

upper limit of the distribution. The numbers reported in the table are referred to a

beam polarization of (-0.8,0.6).

.
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Figure 20. Invariant mass of the di-muon system after the event selection for the

identification of χ0
2µ̃Rµ candidates. The signal is expected to populate the invariant

mass region below 83.9 GeV (see section 5.4). The kinematic edge corresponding to

the χ0
2 is visible in top of the Z0 peak left tail.

7.2. The Measurement of the Mass of the χ0
2

7.2.1. Methods The equation 9 relates the mass of the χ0
2 with an invariant observable.

In fact mχ0
2

can be expressed as :

mχ0
2

(
m2

µµ

)
=

√√√√√√√√√√

m2
µµ (max) + m2

µ̃R
·

(
1 −

m2

χ0
1

m2

µ̃R

)

(
1 −

m2

χ0
1

m2

µ̃R

) (26)
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Figure 21. Fitted mµµ spectrum. The kinematic edge corresponding to the χ0
2 → µ̃Rµ

can be extracted form the fit on top of the left tail of the Z0 peak.

The measurement of the χ0
2 mass consists of the identification and measurement of

the kinematical edge of the di-muon invariant mass. The masses of the µ̃R and of the

χ0
1 are supposed to be known from independent measurements [18]. The mass of the χ0

2

is hence calculated using equation 26.

The edge of the mµµ invariant mass is fit with the function:

f(E) = B + e(BE+BS·E)

︸ ︷︷ ︸
background

+
A · e

(E−E+)2

W2 E ≥ E+

A

eT ·E+ eT ·E E < E+

(27)

The fit parameters are:

• Three parameters for the gaussian describing the right side of the kinematic edge

of the signal (A,E+ and W )

• One parameter for the exponential modelling the left tail of the signal distribution

(T )

• Three parameters for the background. A constant level (B) and the constant and

slope of an exponential (BE and BS).

The fit applied to the data is shown in Fig. 21.

The position of the edge is the value of the mµµ corresponding to the half amplitude

A of the gaussian defining the kinematic edge. The systematic uncertainty of the

parameterization of the position of the edge is determined by the variance W of the

gaussian.
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Figure 22. Determination of the χ0
1 mass: signal expectation for the beam

polarization (-0.8,0.3).

7.2.2. Results The input parameters for the determination of the mass of the χ0
2 are

the mass of the µ̃R and the mass of the χ0
1. It was shown [13] that the potential result of

the measurement of the mass µ̃R at the ILC is 125.3±0.2 GeV. The χ1 mass determined

in the previous sections (97.55 ± 1.07 GeV) is used.

The kinematic edge in the σµµ distribution is estimated by the fit at 83.9±0.7 GeV.

The mass of the χ0
2 is calculated with the formula 26. With a luminosity of 500 fb−1

and a beam polarization (-0.8,0.6) the measured mass of the χ0
2 is 183.50 ± 1.30 GeV.

The nominal value of the mass of the χ0
2 is 183.89 GeV. In case of a beam polarization

(-0.8,0.3) the estimated mass of the χ0
2 is 183.11 ± 2.55 GeV. The nominal value of the

mass of the χ0
2 is 183.89 GeV. The expected signal for a beam polarization of (-0.8,0.3)

is shown in Fig. 22. Although a good result can be achieved with a 30% positron beam

polarization, a 60% polarization would allow a significant statistical improvement. The

main contribution to the uncertainty on the mass measurement is the determination

of the position of the edge (0.6%) and of the mass of the χ0
1 (0.5%). As in case of

the measurement of the χ0
1 the final state radiation is the most significant effect to the

shape of the kinematic edge. The excellent tracking performance allows resolving the

edge position also in this not favoured case with low statistics.

7.3. Estimation of σ(e+e− → χ0
1χ

0
2) × B.R.(χ0

2 → µµ̃R) × B.R.(µ̃R → µχ0
1)

The background events which pass the selection present a very similar kinematic

configuration to the signal events. The extended likelihood method is hence not effective

in order to calculate the σ×BR of the process. As the number of events is large enough,

a classical approach to the estimation of the confidence intervals is chosen.

It is assumed that the total number of expected signal (ns) and background (nb)

events are distributed according to a Poisson distribution. The lower limit nlow
s and the

upper limit nup
s of the signal events at the 95% confidence level, given nobs observed
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events are defined as [36]:

0.025 =
∑+∞

i=nobs

(nup
s +nb)

i

i!
e−(nup

s +nb)

0.025 =
∑nobs

i=0
(nlow

s +nb)
i

i!
e−(nup

low
+nb)

(28)

The 95% CL bound is the interval defined as
(

nlow
s

Lǫ
, nhigh

s

Lǫ

)
, where L is the luminosity

of the experiment (500 fb−1) and ǫ is the selection efficiency of the signal, estimated in

the Monte Carlo (ǫ = 32% with the applied cuts).

The estimated 95% confidence bound of the branching ratio of the process e+e− →

χ0
1χ

0
2 → χ0

1µ̃Rµ is (3.75,5.57) fb, with a luminosity of 500 fb−1.

7.4. Sensitivity of the discovery of the χ0
2

The sensitivity of the measurement to the discovery of the χ0
1 in the µ̃L pair production

at the discovery probability α(∆dis) is defined as [37, 38, 39, 40]:

s =
ns√
(nb)

− k (α(∆dis))

√(
1 +

ns

nb

)
(29)

This definition is the extension of the traditional ns/
√

(nb) in case of a probability less

than 50%. The interval (-α(∆dis),+α(∆dis)) defines the region outside which the area

of the gaussian distribution with parameters (µ,σ) is less than ∆dis. It defines hence

the probability level of the observation of the signal at a certain significance s. The

discovery level of an observation is fixed at s = 5σ. In Fig. 23 the increase of the 5σ

discovery probability in the first 4 years of operation is shown. The number of signal

events will be compatible with a 5 σ observation of the χ0
2 with a probability of 95%

just after 2 years of operation.

The binned CLb method [41] was also used in order to calculate the sensitivity of

the measurement and the same results were obtained.

Conclusion

The leitmotifs of this analysis are the physics discovery potential of the neutralino system

at the international linear collider and the estimation of the impact of the experimental

conditions — detector design and beam properties — on this measurement.

In the SPS1a
′

mSUGRA SUSY scenario only the χ0
1 and the χ0

2 are light enough to

be produced in pairs at a 500 GeV linear collider. The analysis of the neutralino system

is hence restricted to the two lightest χ0
i :

Measurement of the mass of the χ0
2. The most important and original evidence of

this study is that it is possible to individuate a clear signal from the χ0
2 also in

the continuum at a 500 GeV centre of mass energy. The traditionally referenced

method for such measurement at ILC is in fact the scan at the χ0
2χ

0
2 pair production
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Figure 23. Discovery probability of the χ2 at ILC. The thick line shows the expected

number of signal (ns) and the respective background (nb) events at ILC in the

corresponding operation time. The ILC would discover an excess of events in the

χ0
2 region just after 2 years of operation at 5 σ with a probability of 95%.

threshold. In this analysis it is shown that the mass of the χ0
2 (183.89 GeV) can be

measured in the continuum with a relative statistical uncertainty of 0.70%, which

is comparable with the quoted value obtained with a threshold scan.

Measurement of the mass of the χ0
1. The kinematic edges of the energy distribu-

tion of the muons in the process e+e− → µ̃Lµ̃L → µµχ0
1χ

0
1 are individuated and

fitted. The mass of the χ0
1 (97.7 GeV) is reconstructed from the position of the

edges and can be measured with a relative statistical uncertainty of 1.09% in this

channel. This is not the ultimate precision reachable at ILC. Independent studies

show that the mass of the χ0
1 can be measured in the ẽR,L and µ̃R pair production,

using the same kinematic edges approach of this analysis. The combination of all

the measurements would reduce significantly the uncertainty.

Estimation of σ(e+e− → χ0
1χ

0
2) × B.R.(χ0

2 → µµ̃R) × B.R.(µ̃R → µχ0
1). The

main feature of this process is that the expected signal is very small. However, due

to its specific kinematics feature, it is possible to find a combination of efficient

cutting variables in order to enhance the significance of the signal above the

background. It is shown that the number of events would be compatible with

the signal process hypothesis at 5σ with a probability of 95% after 2.5 years of

operation. The cross section of this process (4.2 fb) can be restricted to the 95% C.L.

bound (3.75,5.57) fb after 4 years of operation, with the expected total luminosity

of 500 fb−1.

An additional physics result of the analysis is the measurement of the properties of the
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µ̃L sector:

Measurement of the µ̃L mass. The kinematic edge analysis of the e+e− → µ̃Lµ̃L →

µµχ0
1χ

0
1 process allows to measure also the mass of the µ̃L (189.86 GeV) with a

relative statistical uncertainty of 0.21%.

Estimation of σ(e+e− → µ̃Lµ̃L) × (BR(µ̃L → µχ0
1))

2. The µ̃L pair production is not

limited by the statistics. The total number of events is largely above the 5σ

evidence. Using an extended likelihood approach the cross section of this process

(54.32 fb) can be estimated with a relative statistical uncertainty of 2.47%.

From the point of view of the LDC/ILD detector optimization with physics

simulations, the analysis of the processes with di-muon and missing energy final state

touches some of the key-features of the detectors for the Linear Collider:

Tracking performance. The measurement of the momentum and energy of isolated

muons is the most important feature. The tracking system shows an excellent

performance. In the e+e− → µ̃Lµ̃L process, the detector does not introduce any

significant smearing to the kinematic edges of the energy distribution of the muons.

The precision tracking is even more important in the analysis of the χ0
1χ

0
2 pair

production. In this case it allows to isolate the small features of the invariant mass

spectrum, with a consequent precise measurement of the mass of the χ0
2.

Hermiticity. A missing energy of more than about 300 GeV is the main signature of

the studied process. However, due to the relatively large mass difference between

parent and daughter particles involved the decay chain, the missing momentum

points mainly in the barrel. The very forward region does not affect significantly

the missing energy signature.

Muon identification. Muons can be identified with a m.i.p. like track in the tracker

and in the calorimeters, with a corresponding track in the muon chamber. It was

shown that the detector has 95% muon detection efficiency in the muon momentum

range of the signal processes. The identification of muons fails in the very forward

region, because of lack of coverage in the proposed detector model.

The beam conditions play an important role in the determination of the quality of the

physics results presented in this study:

Polarization. The cross section of the signal processes has a strong dependence on

the polarization of the beam. While the polarization of the electron beam up to

80% is a consolidated feature of ILC, the polarization of the e+ beam is still under

investigation. This study put in evidence that the polarization of the positron beam

is fundamental in order to double the cross section of the χ0
1χ

0
2 pair production and

observe with precision the kinematic edge corresponding to the χ0
2. This means

that the polarization of both beams is crucial in order to observe in the continuum

small features generated by new physics mechanisms.

Beamstrahlung. An irreducible source of degeneration of the energy spectrum is the

beamstrahlung.It seems to affect the shape of the kinematic edges of the energy
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distribution of the muons in the analysis of the µ̃L pair production with a consequent

degradation of the resolution of the measurement of the χ0
1 mass. The beam options

under investigation for the International Linear Collider were studied; while the

lowN and the highY options would provide a relative statistical uncertainty not

very different than the nominal option, the lowP option is expected to cause a

worsening of the resolution of the mass up to a factor 2. The study proposed in

this note estimates the overall effect of the deterioration of the centre of mass due

to the beam properties. A more detailed analysis would be needed in order to

disentangle each source of degeneration.

To conclude, it has to be remembered that the Linear Collider foresees the 1 TeV

centre of mass extension. In this case also the χ0
3 and the χ0

4 can be accessed, providing

a complete measurement of the neutralino system.
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