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The information paradox



The Hawking information paradox

“One of the members of the pair can go

to infinity and the other member is

trapped in the black hole interior.”

“These two particles are entangled

forming a pure state.”

“If we consider only one member we find

it in a mixed state.”

After evaporation, we should have a pure

state by unitarity but S > 0 (paradox!).
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The Page curve

“The conflict with the central dogma appeared at the Page time, when the

black hole was still very big.”
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Correct way to compute the

entropy



A formula for the fine-grained entropy

S = minX

{
extX

[
Area(X)

4GN
+ Ssemi-cl(ΣX)

]}
= “− tr [ρBH log ρBH] ”

• X is a codimension-2 surface

= sphere around the origin.

• Cuttoff surface is a bigger sphere

outside the horizon (say ∼ 10 rs).

• ΣX is the volume in between.

• “We look for extremal surfaces by

moving both in space and time.”
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Initial stages (no radiation yet)

“There are no extremal surfaces

encountered by deforming X

inwards, and we are forced to

shrink it all the way down to zero

size.”

“The area term vanishes.”

“The fine-grained entropy is just

the entropy of the matter

enclosed by the cutoff surface.”

S = Ssemi-cl(ΣX) = 0 “assuming

that the collapsing shell was in a

pure state.”
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Two competing quantum extremal surfaces

“There is also a non-vanishing extremal surface that appears shortly after

the Hawking radition starts escaping the black hole region.”

We must use the extremal surfaces with minimum entropy.
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Trivial surface

Sgen ≈ Srad.
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Non-trivial surface

Sgen ≈
Horizon Area(t)

4GN
.
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Page curve (again!)

The vanishing surface dominates at early times. The non-vanishing surface

dominates at late times. In total:

S ≈ min

(
Srad,

A

4GN

)
We recover the Page curve
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Entropy of radiation

The complementary problem is to calculate the entropy of radiation:

SRad = min
X

{
extX

[
Area(X)

4GN
+ Ssemi-cl[ΣRad ∪ ΣIsland

]}
We can have disconnected “islands”:

12



Page curve of radiation
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Why was Hawking wrong?



Gibbons-Hawking calculation

They used saddle point approximation to compute Euclidean path integral

Z(β) =

∫
Dg e−I[g] ≈ e−I[gclassical].

The classical solution has periodicity τ = τ + β.

The Einstein-Hilbert action gives for the Schwarzschild solution:

I[g] =
1

16π

∫
M
d4x
√
−gR+

∫
∂M

d3x
√
−hB =

πM

κ
=

β2

16π
,

so the entropy is

S = (1− β∂β) logZ(β) =
β2

16π
=
A

4
.
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Replica trick

Replica trick:

S = (1− n∂n) log tr[ρn]n=1 = − tr ρ̂ log ρ̂.

The traces of ρn are computed from saddle points of gravity path integral:

Gibbons-Hawking forgot a saddle, which is non-perturbative.
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What did we learn from this?



The central dogma

“As seen from the outside, a black hole can be described in terms of a

quantum system with Area/(4GN ) degrees of freedom, which evolves

unitarily under time evolution.”

“We are not assuming the central dogma, we are providing evidence for it.”

“The degrees of freedom that appear in this statement are not manifest in

the gravity description” (for instance in AdS/CFT the degrees of freedom

are a thermal state of the CFT that lives in the boundary of AdS).
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Entanglement Wedge Reconstruction

Definition of Entanglement Wedge:

“It is the causal domain of dependence of the region that appears in the

computation of the entropy.”

Entanglement Wedge Reconstruction Hypothesis:

“The quantum system describes everything that is included in its

entanglement wedge.”
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Early times

Before the Page time, the BH dof describe most of the interior, and the

Radiation dof describe the exterior away from the cutoff surface:
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Late times

After the Page time, the BH dof describe the region near the horizon, and

the Radiation dof describe the exterior and a large part of the interior:
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After evaporation

After evaporation, the BH dof describe a small region in spacetime, and

the Radiation dof describe all the interior and most of the exterior:
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How do people “actually”

compute stuff?



Using AdS/CFT

There is a CFT in the boundary that describes the black hole. It has a

Hilbert space HCFT and some state ρCFT that describes the BH.

A black hole in AdS is eternal: the radiation reaches the boundary, comes

back, and the system reaches thermal equilibrium.

To make it evaporate, we add transparent boundary conditions. The

radiation is “captured” by another CFT. The Hilbert space is Hrad and

the state is ρrad.
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Conclusions

� We have shown how to compute the entropy − tr ρ log ρ.

� Gibbons-Hawking forgot a Euclidean Replica Wormhole in their

calculation.

� We know almost nothing about ρ itself...

� But Entanglement Wedge reconstruction tells us what region of

spacetime does ρ describe.

� The operation one has to do to recover information from HRad are

insanely complex.
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